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We calculate the perturbative scaleg) for the axial-vector and vector currents for the Wilson action, with
and without tadpole improvement, using the formalism of Lepage and Mackenzie. The scale for the pseudo-
scalar density(times the magsis computed as well. Contrary to naive expectation, tadpole improvement
reducey* by only a small amount for the operators we consider. We also discuss the use of a nonperturbative
coupling to calculate the perturbative scdl80556-282(99)01107-§

PACS numbdps): 12.38.Gc, 11.40.Ha, 12.38.Bx

I. INTRODUCTION MILC Collaboration[6], for example, would require, at the
least, a substantial investment in computer time. There are
The calculation of weak matrix elements, such asftge also conceptual problems in generalizing existing nonpertur-
decay constant, is one of the most important applications dpative methods to the case of large quark mass. Furthermore,
lattice QCD, because it is this nonperturbative physics thalt iS an important consistency check on the numerical calcu-
obscures possible physics beyond the standard model. Alation of renormalization factors, that they should agree with
though lattice QCD offers a nonperturbative method of calthe weak-coupling results at small enough coupling, because
culating weak matrix elements from first principles, in prac-there are potential systematic errors, such as lattice-spacing
tice a perturbative calculation is also required to extract thétifacts, in the numerical results. This motivates trying to
continuum number. Lattice perturbation theory is muchextract as much information as possible from lattice pertur-
harder than continuum perturbation theory, because there Ration theory calculations.
less symmetry on the lattice that can be used to simplify The outline of this paper is as follows: in Sec. Il we
expressions. This means that lattice perturbative quantitiegdlculate the renormalization constants from Ward identities,
are typically only known to one loop in perturbation theory. While in Sec. llI, they are calculated by matching on-shell
It seems important to extract as much information from thematrix elements to the continuum. In Sec. IV, these renor-
one-loop calculation as possible. malization constants are tadpole improved, and in Sec. V, we
In the past, one-loop lattice perturbation theory was concalculate the scaleg” for each of them with and without
sidered unreliable, because for many quantities the one-lod@dpole improvement. In Sec. VI, we discuss the stability of
corrections are large if one uses the bare lattice couplin@ur results under changes in the scale-setting prescription.
constant, and the agreement with results that could be calciVe end by providing some insight into the fact why tadpole
lated numerically was very poor. Lepage and Mackefizle ~improvement does not lower the scafefor these quantities
then showed that the use of a more “physical”’ coupling,@s much as one might naively expect.
calculated at a judiciously chosen scéhenerically referred
to asq*) and the resummation of gluon-tadpole contributions
to the perturbative expansion improve the situation for many
guantities.

In this paper we calculate the scajé using the Lepage- First, we will derive the renormalization factors from the
Mackenzie prescription for the local axial-vector and vectonward identitied7,8]. We consider the following Ward iden-
currents(as well as the mass times the pseudoscalar densitytity (WI) for the nonsinglet flavor axial-vector curreft,
with and without tadpole improvement. Some of our results= A2T2 (T2 are the Hermitian, traceless flavor generators;
were also obtained in Ref2]; however that paper did not e work in Euclidean spage
study tadpole-improved perturbation theory. In addition, the
current work shows how to deal with certain ambiguous
(though numerically smallcontributions to the calculation in
Ref. [2) S 3,ALX)q(2aly) ) = 2m(PAX)A(2)TY))

There are a number of nonperturbative renormalization \ < "+~ alz2)qly) )= atz)qty
technigues that have been used in numerical computations

II. Zn, Z,p AND Z,, FROM WARD IDENTITIES

[3-5]. These techniques are very interesting, but they have —(a(2)q(y)) T?ysd(x—y)
not as yet been widely used in large scale simulations. The _Ta TV S(x—
calculation of the nonperturbative renormalization constants rs{a(2)a(y)) o(x—2),
required in the calculation ofg in the simulations by the (2.1
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with serves the WI2.1), we haveZ,=1 in any scheme, such as
a _ . NDR, which preserves the axial-vector flavor symmetry. The
AL(X)=a(X) 7, 5T a(X), (22 operatorsmP? also do not mix with any other operators, and
_ thereforeZ,,,p (defined to be the renormalization constant of
— a mP
P(x)=q(x) ysTq(X). 23 the operatomP?) may be determined by considering the

This WI holds for any regulator which respects ton-  casem#0 after Z, has been defined. In NDR, we have
singled axial-vector flavor symmetry, such as naive dimen-Zmp=1.

sional regularizatiofNDR), in which ys anticommutes with Wilson fermions break the axial-vector flavor symmetry,
y,forallu=1,... d. SinceA? is the only dimension-three and no conserved axial currents exist, so that the WI intro-
axial-vector operator that can be built out of quark and gluorfluced above does not hold for any axial-vector current on
fields, it does not mix with other operators. Takimg=0 in  the lattice. Here, we are interested in the loga., single-

Eg. (2.1), we see thaAZ does not require renormalization Site) axial-vector current and pseudo-scalar density as de-
[the right-hand sidéRHS) of Eq. (2.1) is finite after renor- fined in Egs.(2.2), (2.3), and we would like to find the mul-
malizing the quark fieldsy(z) andq(y)]. Thus, if Z, is tiplicative renormalization constan®, and Z.,p such that
defined to be the renormalization constantAgrwhich pre-  Eq.(2.1) holds in the scaling region:

ZA< %: 9#A2(X)Q(Z)a(y)> =2Zmp(M=M)(P?(x)a(2)a(y))

—(a(2)a(y)) T?ys8(x—y) = T?ys(a(2)q(y)) 8(x—2). (2.9

Here M=m+4r (r is the Wilson parameter anch is the bare magsis the coefficient of the single-site term in the
Wilson—Dirac Lagrangian, anil. is its critical value. On the lattice, we may write

<E AMA2<x>q(z>a<y>> =2(M—M)(P3(x)q(2)q(y))
y
—(q(2)q(y)) T2y58(x—y) = T?y5(q(2)q(y)) 8(x—z)

+(E3(x)a(z)q(y)), (2.5

whereA , is the backward difference operatar, f(x) =f(x) — f(x—u), andE? is the “evanescent” operator
Ea<x>=§ ALAL(X) = 2(M = M) PA(X) +T(X) ¥ TAD +M)q(x) +q0x) (D +M) 75 T2q(x), (2.6)
in which
DQ(X)=%% [(7,= DU 00X+ @) = (v, +NULX= ) q(x— )] 2.7

(D+M is the Wilson—Dirac operatpr
Going to momentum space by multiplying Eg.5) by =,,,exp(—ikx—ipz+ip'y), and amputating the external quark lines,
we find, at one-loop order ig,

(E3(K)a(p)a(p’))ams °P=Crg®a(p+k—p') T4 (p,p’), (2.9

with Ce=(N?—1)/2N the quadratic Casimir foBU(N), and
l(p.p")=~2 (1—ei<P—P’>v>§ LD(I)(F;S(pH)yVySSm'+I)r;e‘<p+p'+'>ﬂ+r;8<p+I)yms(p'+|>r;e‘<p-p’>u
+T 7 S(p+1)y,¥sS(p'+ 1T, e P PIut T ¥ S(p+1)y,ysS(p + DI e (PTP +)
+2(M—My) >, fD(l)(r;S(erl)ySS(p'+|)F;ei<p+pf+|>ﬁ+r;5(p+|)753(p'+|)F;e‘<p*p’>u
" |

+T 1 S(p+1)ysS(p' + 1T, e P P Iut T Y S(p+1) ysS(p’ + DT e PFP i) — 5 (p,m) y5— 53 (p’,m),
(2.9

074506-2



CALCULATION OF THE LEPAGE-MACKENZIE SCALE . .. PHYSICAL REVIEW D 59 074506

E(p,m)=§ LD(I)(—FMS(p+I)Fﬂei(z"“)u—FZS(pH)F;ei(z‘”')u—FMS(p—H)F;

i r
—F;S(p+l)1“;+EsmpMyM—Ecospﬂ . (2.10

Here2 (p,m) is the one-loop fermion self-energgtefined to Zy=1-g%cy, cy=0.1740833). (2.16
be equal to the sum of diagrams, with no overall minus)sign
andS(p)=[iZ,vy, sinpﬂ+m+rzu(1—cospﬂ)]*1 is the tree- Equations(2.14) and(2.16 are in agreement with previous
level fermion propagator. The gluon propagator in the Feyncomputationg9-11].
man gauge i3,,D(p) with D~ *(p)=4%, sirf(p,/2). The
matricesl“i are defined by . Za, Zmp AND Z,, BY ON-SHELL MATCHING

TO THE CONTINUUM

Flf:%(yﬂt r). (2.11 A common approach in the literature is to compute the
renormalization constants by matching an on-shell lattice
Furthermore, we abbreviatddz[ll(ZW)“]f“ \sn-d4|- pert_urbative computation to the continuum, Wherg the renor-
7 ) malization constants are known. We present this approach

We now observe thalt(0,0)=—2y5%(0,0) provides the pere pecause the value @f depends on the specific form of
counterterm to remove the d/divergence in the contact ihe jntegrands. It is therefore important to check that a sepa-

terms in Eq.(2.5 (after amputation of external fermion a6 derivation of the integrals will produce a consistent re-
lines). A straightforward calculation then shows that the re-¢ ¢ for g*.

mainderl (p,p’) —1(0,0), is finite, and we can ta!<e the con-  por definiteness, we focus first on the nonsinglet axial
tinuum limit. erlexpand to linear order ip, p’ andm  cyrrent, A, . The derivations for the vectol(,) and pseu-
=M-=M:+0(g%): doscalar (nP) cases are similar, but there are a few impor-
N O _ tant differences, which we note explicitly. Becausg has
Cr(1(p,p") = 1(0,0) =Cal (p" —P) v~ 2Cmpm s, 13 Mo anomalous dimension or mixings, we may write its one-
loop matrix element between on-shell quark stataadf in

from which we then obtain the renormalization constants regularization schemg as
Za=1-09%ca, Zmp=1—0g%Cmp, (2.13 (F1(ADTiy= 7,5 T2 +g*CR(M,\)), (3.

with, for N=3 andr=1, wherem is the quark mass, is a gluon mass that has been
inserted to regularize the infrared divergences, and spinors
cy=0.1333782), c,,p=0.0814192). (2.14 on the external lines are implicit.
We then define a on-shell renormalized axial-vector cur-
At this point, we pause to comment on this derivation.rent (A%)"!
Generally, in calculating the continuum limit of lattice inte-

grals such as(p,p’), special care is required near the origin (A2)SNe=Z2(m,\)(A2)S 3.2
in momentum space. Near=0 in Eq. (2.9, one may ap-

proximate the integrand by its covariant form. In this case, Zi(m,)\)zl—gzci(m,)\H---.

with the routing of the external momenta through the fer- (3.3

mion line, it turns out that the covariant form of the inte-

grand vanishes identicalljas explained beloy and there- By definition, the on-shell quark matrix element a%%)s"*'

fore Eq.(2.12) is obtained by a straightforward expansion in is the same in any scheme and equayjoysT?, as long as

p, p’ andm. This would not be true had we chosen them andX\ are the same as in E¢3.3). Because there is no

routing of the external momenta through the gluon line. Thisoperator mixing, this then implies the scheme independence

will turn out to be relevant for the definition @f*, and will  of all renormalized Green’s functions with &%)*"" inser-

be discussed further below. tion. However, we may also define a renormalized current
A completely analogous analysis may be performed ir(Ai)W' using the Ward ldentity, Eq2.4):

order to find the renormalization constafy, of the local AWl oS nass
vector current (AL T=ZR(AL), (3.4

V2 (x)=q(x)y,T2q(x) (2.15  Where the superscri specifies the scheme to which Eq.
“ Iz : : . . S . o . .

(2.9 is applied.Zz is UV finite; it is free of infrared diver-
For Wilson fermions, this current is not conserved, and wegences since it is defined off-shell. By dimensional analysis,
find Zi is therefore also independent of the quark nrassSSince
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renormalized Green'’s functions with &%) insertion are  térnal momentum is routed through the fermion line. Al-

also scheme independent, we have, for any two sch&nesthough complete lattice integrals are invariant under shifts,
ands’, the “covariant part” is not because it is the integral of a

continuume-like integrand over a sphere of radéighe “in-
S , ner region” of Ref.[13]) or of radius 7 (the integration
Zn Zx 3 region chosen for the continuum-like integrals added and
ZS(mn) B 78 (m )\)' (39 subtracted in Refl14]). The boundary term generated by a
AVTD AT shift in the loop momentum thus does not vanish in the con-
tinuum limit for a linearly divergent integral such as the
We now specialize to the case=lattice andS’' =NDR. self-energy.
As long as the regulator does not violate the symmetry, the For mP, one can relate the mass derivative of the self-
Lie algebra of conserved charges fixes the on-shell matriénergy to the vertex functio@at least at one |o(jpand again

elements of the corresponding currents, guaranteeing thatghow at the level of the Feynman integrareiith the proper
conserved non-Abelian flavor current is not renormalizedmomentum routingthat

Therefore
SNDR/ 1y _

ZRDR(m=OJ\)=1 3.6 Zop (M=0\N)=1. (3.10
since the nonsinglet axial current is conserved when0. Returning to the discussion @2, we combine Egs.
Similarly, (3.5 and(3.6), and useZ\°R*=1 (since NDR preserves the

chiral symmetry, giving
ZYPRm,n) =1 (3.7

thtice: Zklttice( 0,7\) ) (311)
for all m, . A simple computation shows, however, that

Z,°%(m,\)# 1 for generaim, \ (including the limit\—0,  The corresponding relation holds f2E"® and 2. Note

m fixed). Note that the presence of the gluon mass in Edsthat all direct reference to the continuum has been elimi-

(3.6), (3.7) does not violate the flavor symmetries, althoughnated. Since from now on we talk only about lattice quanti-

it would violate gauged symmetries. _ ties we can drop the qualifier “lattice” from Eq3.11) and
Itis useful to see explicitly how Eqe3.7) and(3.6) arise  return to the notation of Sec. Il. We remark that the renor-

at one-loop. At this order, the computations are identical tqnglization factors were computed in RéfL1] using the

those in QED, and amount the statement iyat Z, [12]. If  gquivalent of Eq(3.1D).

one routes the external momentymthrough the fermion The computation of the right hand side of E8.11) is

line, then the cancellation of the wave-function and verteXaijrly easy, since it can be done in the massless limit. We

renormalizations which results in E(q37) can easily be need to Compute the Se|f_energy gramﬂrge continuum-like

shown from the(Euclidean identity graph and the lattice tadpoland the vertex correction graph
(for each current To avoid computing any covariant parts,

d 1 1 _ 1 we route the external momentum through the fermion line.

opF (pFm)  (Bm) (=iyL) prm (3.9 '(I)'Piqs*routing will also be very convenient in the computation

] ) o We write the lattice self-energy as
Equation (3.8), coupled with the on-shell definition of the

wave-function renormalization,
1 .
2(p)= 5 Zo(p?,m? A?) +ipZ(p? m? \?)

Z,=1+— — , 3.9
2 moaptl 39 +m3,(p?,m? \?). (3.12

immediately givesZ,=Z,. With the chosen momentum opjy s, is needed for wave function renormalizationrat
routing, the equality holds at the level of the Feynman inte-— g S, is needed forZ,». Computing the self-energy

grands. On the other hand, if the external momentum i%raphs with the methods of RdfL4], we have
routed through the gluon line, there is no obvious relation

between the integrands fat; and Z,. The equality then

appears only after the momentum and Feynman parameter o 2

integrals are performed and requires a regulator which per- 2140,00%)=9g"C¢ ,|1v2' 313
mits shifts of the loop momentum without the generation of

boundary terms. This is the reason that the “covariant part”

of the lattice integral in Sec. Il vanishes only when the ex-Taking Wilsonr =1, the integrands, , are
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1 1 117,

" g8, Taah,| YT 2

—ZAE—& jy#75:4K2+2K1+’C0,

T, =4K5— 2K+ Ko,
1 Tu
+ A—Z(A4—A5+ AAy+4AA5—2A3A,—2A45)

Ty, = 16K5— 4K+ Ky, (3.18
(7> —1? .
+ %Jrcovariant part, with
]C'— 1 A5 AL+ A4 0(7T2_|2)
_ 4A1(A1—2)+A4+ Ap—2 . 40(m?—12) 2728021 A; %) 7 164,42 41%
2 A2 2A4A, 14 _
+ covariant part,
+covariant part, (3.149
1
whereA; ...A; are defined in Refd14, 15 (for r=1): K= 16A§(A4+4A1(A1_4))'
I
= il =2 1 As
Ay ; S|n2< 2), }CO:—12A§<A4—4A—1+6A4+ 12A§). (3.19
_2 ir? If we now write theZ factors in terms of the constants
A= < S| (o), Ca, Cy andc,,p as in Eqs(2.13, (2.16), we have
I\ . cp=C f I+ ,
Ag=, sinz(f) sirf(l,), AT R |( 1+ Ty, )
A,=A,+4A3, (3.15 CV:CFL(I1+ij)a

and we introduce
| Cmp= CFﬁ('z‘FJyS)- (3.20
A=, sin4(§> sirf(l ). (3.16

Explicit calculation shows that the covariant partd pf and

B _ Y Ty ey e Cancel in Eqy(3.20, as expected from the gen-
The “covariant parts” in Eq(3.14) do not need to be speci- ~ "#"5'"u'"5 L .
fied further, since they will cancel in the final answers, aseral arguments above. Numerical integration of £3120
explained above. The terms proportional tt* 1ivhich come then reproduces Eq&2.14), (2.19.
from the expansion in powers af of added and subtracted

covariant integrals, are written explicitly here, since they are IV. TADPOLE IMPROVEMENT

needed to cancel the logarithmic divergences in the rest of The idea behind tadpole improveméti is based on the

the integrals. However, these terms will also cancel in thgypservation that, for the relatively large values of the lattice

final results. _ coupling constang used in current lattice QCD computa-
In Ref. [14], the external momentum in the self-energy (ons, the expectation value of the link variablg,=(U ,,)

computation was chosen to flow through the gluon "ne-(defined, e.g., in Landau gaugés not very close to one. If

(This saved some effort in the expansion in powersapf one would calculate, for instance, the quark propagator in a
since the fermion propagator is more complicated than the,ean-field approximation by replacing ,,—U, in the
gluon one). For our current purposes, we therefore have Peryuark action, one would find a
formed the calculation off; from scratch. In the case 6%,
however, one may sgt=0 from the beginning, so that the (QOOTAY)ImE=Uo (AO)T(Y)) red M—Ug M),
routing of the external momentum is irrelevant. Thgmay 4.9
be taken immediately from Ref14].
For the vertex diagrams we may also get0 ab initio where the notatiorMHuglM indicates that we replaci!
and take the results from Rdfl4]. We have by ualM in the expression for the free Wilson propagator.
This implies that, in order to make contact with the con-
5 tinuum, the quark field has to be renormalized by a factor
Ay s vs™ (Yu5: Vi v5)9°Cr f,Jms,stv JUg. For local bilinears likeA%(x), P3(x) andV3(x), this
(3.17 results in a factoug:

where AZ(X)cont: UOAi(X)Iatticey (4.2
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TABLE I. One-loop constants for tadpole-improved renormal-  TABLE Il. The scaleg* (in units of 1A) for various quantities

ization constants. and improvement schemes. The errors are less than 1 in the last

place.
no improvement Landau gauge throulgh,

quantity no improvement Landau gauge throwdh

Ca 0.1333782) 0.05590T71) 0.0248081)

Cy 0.17408%3) 0.0966172) 0.0655121) Z 2.533 2.235 2.316

Cmp 0.0814192) - - Zy 2.370 2.090 2.051
Zup 1.905

and similarly for the other operators. From the mean-field 4 )

result Eq.(4.1) for the quark propagator, we find thit, l0g((q")?)= Jd"af(q)log(q) 5.0
=4ruy and mMF=u51(M —My). [In terms of the hopping fd*qf(q) ' ‘
parametek=1/(2M), we geti, = 1/(8ruo) ] Therefore, the if the one-loop integral for a particular renormalization con-

operator M — M) P?(x) does not renormalize at all. 7 .
. P stant has the fornfid*qf(q), and whereq is the momentum
The factoru, takes into account the gauge-field tadpolefIOWing through the gluon lingsee below: The condition

diagrams contributing o the renormalization constafys that the momentum flow through the gluon line is critical

andZy. Of course, these are not the only contnbuuons. Vveboth for the understanding and the correct application of the
may now use standard perturbation theory to improve on ou . i
epage and Mackenzie scale-setting procedure.

mean-field estimates for the renormalization constants, bu The Lepage and Mackenzie procedure is based on an

we should be careful to take out those contributions that havgIder technique for setting the scale in continuum perturba-
already been absorbed intg [16]. It follows that 9 9 P

tive expressions due to Brodsky, Lepage, and Mackenzie
Ug (BLM) [19]. In the BLM procedure, the scale is chosen to
A‘;(X)com:—pTZAAi(X)lamce: 4.3 remove the leading-order coefficient of the number of fer-
to mion flavors from the perturbative expansion. Physically this
absorbs a class of graphs from the fermion contribution to
the vacuum polarization into the running coupling. This boils
down to the requirement thgtin Eq. (5.1) is the momentum

puted value(using the same definitignandZ, is the usual flowing throuah the aluon bropagator for self-eneray and
renormalization factor, calculated to one loop in Eg13. 9 9 €9 propag 9y
vertex-correction diagrams.

This leads to the definition of the tadpole-improved pertur- The original BLM scale setting procedure is more general

bative renormalization factor than the Lepage and Mackenzie prescripfign. (5.1)], be-
5 _ PT cause it can cope with perturbative expressions of operators
Zp=2Zplug 4.9 i . ) "
with nonzero anomalous dimensions. The connection be-
tween the Lepage and Mackenzie scale setting procedure and

The mean-field linkyg, can be defined in different ways, the BLM procedure has been discussed by Kronfefd.

and the idea of tadpole improvement is useful to the extent We will now cglculateq , both with and vyn_hout tadpole
that the various definitions agree. Recently, Lepdgg and |r_nprovement, using Eq5.1). Let us, for def_|n|te_ness_, con-
Trottier[18] have advocated the use of the Landau mean lin ider thg case af,. Thg relevant integral is given in Eq.
as the nonperturbative, factor. In Landau gauge, to one 3.20, with I andjyﬂs given by Egs(3.14), (3.18), (3.19.
loop, we have(for N=3) Since the loop momentumg has been chosen from the be-
ginning to be the gluon momentufe., the external mo-
ugTz 1—0.0774661)g?> (Landau gauge (4.5 mentum is routed through the fermion ljneve just need to
recompute Eq(3.20 with log(q?) inserted.
We may also calculate the mean link frdvh, : In Table II, we give the values af* for the threeZ; , and
for the three cases of no improvement, Landau-gauge tadpole
ugT=1—O.10857(()2)gz (from Mp). (4.6 improvement, andv tadpole improvement. For the case of
Znp, We did not includeg™ values from tadpole improve-
ment, since the operatonP?(x) is not affected by it, as
Z=1-c,g? i=A\V, (4.7) explained in the previous section.
Note that if we had chosen the loop momentum to be the
and tabulate the numerical values for the constantsb-  fermion momentum, the insertion of lagj into the inte-
tained from Eqs(4.4)—(4.7). For ugT calculated in Landau 9grands would in general give a different result. While we

gauge or fromM ., we report the values in Table I. may always shift the loop momentum in the original expres-
sions for the diagrams, this is not true after we have inserted

> > . .
V. RESULTS FOR THE LEPAGE-MACKENZIE SCALE q* log(g?). Indeed, in .the cagg wheop|§ the fermion momen-
tum, the integral with log{®) inserted is not even convergent.
The prescription for obtaining the Lepage-MackenzieThe covariant parts in that case generate integrals roughly of
scale is to calculatg* from the type

whereug' is the mean linkU ,,) calculated in perturbation
theory, ug is the nonperturbativelyi.e., numerically com-

with a similar definition ofZ,, .

We may now write
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. a’p? problem, by using the one loop perturbative evolution equa-
f d quJr—azW, (5.2 tion for the coupling(which is free of the Landau singular-

ity) in Eq. (6.1) to derive Eq.(5.1).
which approaches a constantas>0 but diverges logarith- As a consistency check on the scale obtained from Eq.
mically if log(q?) is inserted into the integrand befoae~0  (5.1), it is instructive to try to use a nonperturbative defini-
is taken. This tells us that this procedure of determining theion of the coupling in Eq(6.1). The Landau singularity in
typical scaleg* is consistent at one loop only when this scalethe renormalization group evolution equation for the cou-
is the typical momentum of the gluon propagator. This is inpling occurs when the coupling is large, and the perturbative
accordance with the intuitive arguments underlying the BLMderivation of the evolution equation breaks down. Neubert

scheme.
In previous computations off* in the static-light case
[21] and in the Wilson or clover cage], the loop momen-

tum was not chosen to be the gluon momentum. The straigh

forward insertion of log§®) into the integrals was therefore
not possible, because the “constant ternjfie a—0 limit

of integrals such as Ed5.2)] would give divergent results.
These terms then had to be treated inahhoc manner:
Hernandez and Hil[21] replaced the integrals with constants
over the Brillouin zone; Crisafullét al. shifted and redefined

the integration variables until an integral was found which

remained convergent after insertion of lgqg)( Luckily, how-

ever, these terms contribute only a small amount to the fina\

results forg*. Therefore the ambiguities in previous compu-
tations make only a small numerical difference. The result
in Ref.[2] for the q* of Z, or Zy, differ by about 1% from

the current, unambiguous answers. In making this compari-

son, we computed the integrals in REZ] for ourselvedaf-
ter correcting two typographical errors IR in Eq. (139)],
since the quoted answeng*(= 2.4 forZy, andq*=2.6 forZ,
without tadpole improvemenhad too few significant figures
to see the difference clearly.

Since the integrals which define thg[Egs.(2.12, (2.16

or (3.20] are finite and represent cutoff effects, one would

anticipateq™ for these quantities to be of ordefra. In the
tadpole-improved case, where one hopes the most severe
off effects are taken out of the perturbative renormalizatio
parts, one might expect the valuesgf to be much lower
[1]. Table Il shows that, whileg* is indeed reduced for
tadpole-improved quantities, this reduction is rather minimal
and tadpole-improved™’s are still substantially larger than
1/a.

VI. SCALE SETTING USING A NONPERTURBATIVE
EXPRESSION FOR THE COUPLING

The prescription for computing™ given in Eq.(5.1) can

(;’_é{'ands forZ, behave likeO(1/g?) for small momentung.

[22] developed a formalism based on E.1) to calculate

the scale for a number of continuum perturbative expres-
sions. He found that his more general formalism produced
tvell behaved perturbative expression for some quantities that
were previously thought to be unreliable because of their low
BLM scale[the continuum analog of using E¢p.1)]. This
motivates studying the use of E(6.1) for lattice perturba-
tion theory.

As the running coupling of QCD has been obtained non-
perturbatively, from a number of lattice QCD simulations
[23-29, it seems natural to try a coupling measured from a
Iﬁttice QCD simulation in Eqg(6.1) to estimate the scale for
attice perturbative expressions. A useful expression for a

Qonperturbative QCD coupling for scale setting was sug-

gested by Klasseh26]. This QCD coupling is defined by
fitting the static potential between two quarks in momentum
space to an ansatz for the evolution of the coupling that has
no Landau pole and reduces to the perturbative expressions
in the weak coupling limit. Klassen used E§.1) with his
nonperturbative coupling to estimate the scale for the
plaguette, which was consistent with the result from Lepage
and Mackenzie's formalism.

Unfortunately, combining Klassen’'s nonperturbative defi-
nition of the coupling with the integrands f@r, in Eq. (6.1)

oduces a divergent integral. The problem is that the inte-

lassen’s coupling also behaves lik§1/g?), thus produc-
ing a divergent result. The physical reason for the low mo-
mentum limit of Klassen’s coupling is the assumption that
the static quark potential at large distances is linear in the
quark separation. However, it is expected that at a certain
separation between the quarks, string breaking will occur,
which will cause the potential to flatten out. The crossover
from a linearly rising potential to a flat potential has never
been seen in lattice gauge theory simulatitsee Refs[27,
28] for recent discussionsFrom lattice gauge theory, it is
thus currently impossible to extract a coupling in momentum

be motivated starting from the assumption that a naturagpace, for use in Eq6.1), that has the correct low momen-

value forg* would be obtained fronil]:

a(q") f diqf(q)= f daf(@al@. 6.1

The idea here is to use a coupling that depends on the inte
nal momentum in the diagram to weight the integrand, rathe
than multiplying the diagram with a coupling at a constant

scale. Unfortunately the right hand side of Ef.1) is sin-
gular if the perturbative renormalization group improved

evolution equation is used for the coupling, because of the
Landau singularity. Lepage and Mackenzie avoided this

tum limit.

There is some evidence from experiment that the low en-
ergy limit of the coupling tends to a finite limit in the small
momentum limit. In the theoretical analysis ef e~ event
shapes, Dokshitzer and Webk@a8] introduced the low mo-

- ; o i
mentum mean of the coupling. Their fit to experimental data

Vielded

1
2 GeV

2 GeV
f a(u?)du=0.52+0.04. (6.2
0
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If a low momentum coupling with the limit of Eq(6.2) L B L I
exists, then it would have a finite limit with the integrands i o 1
for Z,. i ]
Inspired by the work that obtained E@.2), Shirkov and L i
Solovtsov[30] derived an expression for the coupling with- 20 — —
out a Landau pole: " = 1
i o ]
1 1 A? - ]
2= __ o 10— _
ass(k ) BO |Og(k2/A2) + A2_k2 ' (63) = L x i

Equation(6.3) is based on a dispersive theory and the one-

loop renormalization grougRG) evolution equation. The 0 i N S i
choice of scheme is reflected in theparameter. This defi- - .
nition of the coupling, as well as its connection to renorma- B 1
lons, is reviewed in Refg31, 32. The analytic coupling in ol b b
Eq. (6.3 has been used to study the scale dependence in the 0.0 05 1.0 15 20

continuum(33].

Although Eq.(6.3) could just be substituted into the right-
hand side of Eq(6.1) to provide an answer for the one-loop  FIG. 1. Plots of the integrand fa, with (diamond$ and with-
perturbative contribution, it is convenient to calculatg*@o  out (crosses tadpole improvementthroughM,). The squares are
compare with the scale obtained from the Lepage and Mackhe tadpole improved integrand normalized to agree with the non-
enzie scale. We defineg from tadpole improved numbers at a specific point. The lattice volume

was 32. For clarity only momentum with magnitude less than two
are displayed.

Momentum q

1 1
log((@) 2N " 1—(q)2IN2

2
fd“qf(q)(l/ Iog(% +

o —-1L-1L-1L-1
- [Frase- 53 5 5 S

1_A2/\2
_ . 1=a7/A , X f(2mxIL,2myIL,2mwz/L 2mt/L)
Jd*af(q)
(7.0
(6.4)
1

= =2 f(ge)n(ge), (7.2
L &

whereq and A=aA are dimensionless. Using=0.14 (A
=0.0587), taken from Refl26] at 8=6.0 (8=6.8), we Wwhereqg is a single member of the equivalence class under
obtain q*=2.32 (*=2.33) for Z,, and q*=2.10 @* hypercubic transformations. The functior{qg) gives the
=2.10) for the tadpole improvetisingM,.) Z,. The two  number of momenta in each equivalence class. This tech-
scales are both close to ones obtained from the Lepage amifue is the basis of an efficient method to integrate lattice
Mackenzie scheme. Again we see that tadpole improving theeynman diagramig34].
perturbative factor only causes a small reduction in the scale. In Fig. 1, we plot thef (qg) function for theZ, integrand
Although Eq.(6.4) is less convenient to use with simulation with and without tadpole improvement. The magnitude of
data, because of the dependence on the scale thiqubis  the tadpole-improved integrand is much reduced over the
formalism does provide a check on the Lepage and Mackerpriginal integrand. However, if we choose the normalization
Zie scale-setting procedure. of the tadpole-improved integrand to equal the not improved
integrand at a specific momentum, then the two figures agree
qualitatively. Because the Lepage-Mackenzie scale does not
depend on the overall normalization of the integrands, it is
VII. VISUALIZATION OF THE INTEGRANDS perhaps not surprising that the scales for the tadpole and

To try to understand why the estimate of the scale for nontadpoleZ, are so close.

tadpole improved perturbative factors was not close to the
naive expectation &/ and to investigate the effects of hav-
ing different weighting functions, we wanted to “visualize”
the lattice integrands. Consider a lattice approximation to a Our main results for the perturbative scales are contained
continuum integral in Table Il. Tadpole improvement does not significantly re-

VIIl. CONCLUSION

074506-8
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duceq™ for the operators considered here. In particular, thevas the procedure adopted in the calculationf gfby the
scales for the tadpole-improved operators are higher than thdILC Collaboration[6].

scaleq*=1/a suggested by the intuitive idea that tadpole

improvement reduces the effect of the momentum near the
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